Using Calculus for Kinematics

Differentiate to find Maximum /| Minimum values

Stationary points are when the gradient is zero (see page 87) — you need to differentiate to find them.
To decide whether a stationary point is a maximum or a minimum, differentiate again.

Example: A particle sets off from the origin at r = 0 and moves in a straight line.
At time 1 seconds, the velocity of the particle is v ms™, where v = 9r - 212,
Find the maximum velocity of the particle.

Differentiate v and put it equal to O

to find any stationary points: v=9r-2¢P e -2_ ------------- 1
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Differentiate v again to decide whether &
this is 2 maximum or minimum: dr ==4, sot=2.25sis amaximum.

Substitute t = 2.25 s into the expression for v v=9(2.25)-2(2.253)=10.125 ms™
So the maximum velocity is 10.125 ms™.

Practice Questions

Q1 A particle moves along a straight line from the origin with velocity v = 8- 21.
a) Find the acceleration of the particle at time .
b) Find the displacement of the particle at time .

Q2 A particle sets off from the origin at t = 0 s. Its displacement, in metres, attime riss =6 sinl:]Tr}.
Find an expression for the acceleration of the particle at time 1.

Q3 A particle is at rest at the origin at 1 = 0 5. It moves in a straight line with acceleration a ms~,
! . . . .
where a = e™. Find the displacement of the particle attime r =8 s.

Exam Questions

Q1 A model train sets off from a station at time f =0 s. It travels in a straight line, then returns to the station.
At time ¢ seconds, the distance, in metres, of the train from the station is s = ﬁ( 10t + 912 — %), where 0 < 1 < 10.
a) Sketch the graph of s against f and hence explain the restriction 0 <7< 10 s. [3 marks]
b) Find the maximum distance of the train from the station. [5 marks]

Q2 A particle sets off from the origin O at = 0 s and moves in a straight line.
At time ¢ seconds, the velocity of the particle is v ms™, where

9r=31 0<r<2s
v=1 24

= t>2s
a) Find the maximum speed of the particle in the interval 0 <1< 2 s. [4 marks]
b) Find the displacement of the particle from O at
(i) t=2s [3 marks]
(ii) t1=6s [4 marks]

Calculus in kinematics — it’s deriving me crazy...

This is one of those times when calculus is useful (told you so). The stuff you saw in Sections 7 and 8 can be applied
to mechanics questions, so make sure you'’ve really got calculus nailed. Then you've just got to remember that
DISPLACEMENT differentiates to VELOCITY differentiates to ACCELERATION (and integrate to go the other way).




Using Calculus for Kinematics

The suvat equations you saw on page 186 are just grand when you’ve got constant acceleration.
But when the acceleration varies with time, you need a few new tricks up your sleeve...

Differentiate to find Velocity and Acceleration from Displacement...

If you've got a particle moving in a straight line with acceleration that varies with time, you need to use calculus
to find equations to describe the motion — look back at Sections 7 and 8 for a reminder about calculus.
1) To find an equation for velocity, differentiate the equation for displacement with respect to time.

2) To find an equation for acceleration, differentiate the equation for velocity with respect to time

or differentiate the equation for displacement with respect to time twice. AVt
= Displacement

Ay

Differentiate Differentiate = 15 sometimes
DISPLACEMENT (s) ——==» VELOCITY (y ——==9» ACCELERATION (a) |= i
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Example: A particle moves in a straight line. At time ¢ seconds, the velocity of
the particle is v ms™, where v = 7t + 5. Find an expression for the
acceleration of the particle at time 1.

Velocity is given as a function of time, v=7t+5  —AARRALALLLLLLLI-
so differentiate to find the acceleration: o1

V — (7 + 10) ms> &t T
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...and Integrate to find Velocity and Displacement from Acceleration

It's similar if you're trying to go “back the other way”, except you integrate with respect to ¢ rather than differentiate:

DISPLACEMENT (s) <f=— VELOCITY (v) <@ ACCELERATION (a)
Integrate Integrate

Example: A particle P sets off from O and moves in a straight line. At time r seconds, its velocity is v ms,
where v =12 - %, Atr=0, displacement s = 0. Find the time taken for P to return to O.

SELRrepvverngrrvnn g
Velocity is given as a function of t, ) 5 = . i =
A 2 i 5 [ x"dx="5+C =
so integrate to find the displacement: §= ,‘ vdr= TZI—T +C h J T e =
Use the information given in the question 0* ‘?”'””“;"”“”m
to find the value of the constant: 0 = 1200 —-5—+C =2 C=0 = 5= b gL
3 3 \\\lll’lillf!lfll'l'l.l!ll;,
P is at O when s = O, = —6 can't be an answer, =
so solve the equation for t: 12— 3 =0 = 36-1)=0 = t=0,6, or-b6 M as you cant have a =
= negative time. =
Time taken for P to return to Q is 6 seconds. IR AR ERTRRNNRITAN
Derive the suvat Equations with Calculus
You've derived the suvat equations with a v/t graph (p.188) — now it's time to use calculus.
Example: Use calculus to derive v=u + at and s = ut + %aﬁ.
Acceleration is the rate of Velocity is the rate of change
; i _dv _ 4 i ds
change of velocity v with time t: = dr = = J‘ adt | of displacement s with time t: =d_ 5= ,‘ vdr
Carry out the integration G g = o i
(remember that a is a constant): v = fa di=ar+C and integrate. 5= J‘ (u+at)dt= n‘.!"l'j?—ar"’ +C
Use the initial conditions Use the initial conditions 1
=uwhent=0tofind & u=al0)+C s =0 when t =0 to find C O=H(0)+TH(G]3+C = C=0
= L= 1 ,
So s=uttgar
Sov=u+at




