Friction and Inclined Planes

Friction tries to prevent motion, but don't let it prevent you getting marks in the exam. It’s like my gran always says —
revision is the best way to keep things running smoothly and avoid chafing. Revision, and a dash of talcum powder.

Friction tries to Prevent Motion

Push hard enough and a particle will move, even though there’s friction opposing the motion.
A frictional (contact) force, F, has a maximum value. This depends on the roughness of the
surface and the value of the normal reaction (or normal contact force) from the surface.
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Example: What range of values can a frictional force take to resist a horizontal force P
acting on a particle Q, of mass 12 kg, resting on a rough horizontal plane
which has a coefficient of friction of 0.4? Take g =9.8 ms™2.
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So friction can take any value between 0 and 47.04 N, depending on how large P is.

If P < 47.04 N then Q remains in equilibrium. If P = 47.04 N then Q is on the point
of sliding — i.e. friction is at its limit. If P > 47.04 then Q will start to move.

Limiting Friction is when friction is at Maximum (F = uR)
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b) Since Q > 17.64 N, it'll start moving. No probs.

Example: A particle of mass 4 kg at rest on a rough horizontal plane is being pushed by a horizontal
force of 30 N. Given that the particle is on the point of moving, find the coefficient of friction.

Resolving horizontally: F =30
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Friction and Inclined Planes

Use F = ma in Two Directions for Inclined Plane questions

For inclined slope questions, it's much easier to resolve forces parallel and perpendicular to the plane’s surface.
Here's a nice example without friction to ease you in gently...

Example: A mass of 600 g is propelled up the line of greatest slope of a smooth plane inclined at 30° to
the horizontal. If its velocity is 3 ms™ after the propelling force has stopped, find the distance
it travels before v reaches 0 ms™ and the magnitude of the normal reaction. Use g =9.8 ms™.

Resolve parallel to the plane (7):
F,.=ma hfsstersiss g
-0.6g sin 30° = 0.6a

= EE TN Resolve perpendicular to plane (~):

W =u? + 2as Fnu = ma
0=3"+2(-4.9)s R-06gcos30°=06x0
S0 s=0.918 m (3 s.f) So R=5.09 N(3sf)

Remember that friction always acts in the opposite direction to the motion.

Example: A small body of weight 20 N accelerates from rest and moves a distance of 5 m down a rough
plane angled at 15° to the horizontal. Draw a force diagram and find the coefficient of friction
between the body and the plane given that the motion takes 6 seconds. Take g = 9.8 ms™.

s=5h u=0, a=a, =6

Use one of the equations of motion:
s =ul + ljar’
5=(0x6) +(1ax6?)

so a=02777... ms?

20 N5,

Resolving perpendicular (%): Resolving parallel (~):

F . =ma F _ =ma It's sliding, so F=puR

R—-20cos 15° = % x 0 205sin 15°—F = 2?” < 02777 4609...=px19.31...
R=20cos15°=19.31..N F=4.609..N p=0242dp)

Friction opposes motion, so it also increases the tension in whatever’s doing the pulling...

Example: A mass of 3 kg is being pulled up a plane inclined at 20° to the horizontal by a
rope parallel to the surface. Given that the mass is accelerating at 0.6 ms2 and
that the coefficient of friction is 0.4, find the tension in the rope. Take g = 9.8 ms™.

Resolving perpendicular (~.): The mass is sliding:
Fnet = ma F: 'U_R
R-3gcos20°=3x0 =04 x27.62...
R =3gcos 20° = 27.62... N =11.05...N

Resolving parallel («):

Fm=ma

T-F-3gsin20°=3 x 0.6
T=18+11.05... +3gsin20°=229N (3 s.f)



Friction and Inclined Planes

Friction Opposes Limiting Motion

For a body at rest but on the point of moving down a plane, the friction force is up the plane. A body about
to move up a plane is opposed by friction down the plane. Remember it well (it's about to come in handy).

Example: A 4 kg box is placed on a 30° plane where : = 0.4. A force Q maintains equilibrium
by acting up the plane parallel to the line of greatest slope.
Find Q if the box is on the point of sliding: a) up the plane,  b) down the plane.

a) Resolving b) Resolving
perpendicular (~): perpendicular (~):
Fnel = ma Fm. = ma
R-4gcos30°=0 R-4gcos30°=0
R = 4g cos 30° R = 4g cos 30°
F= P‘,R F= ﬂ-R
=0.4 x 4¢ cos 30° The maximum value of F =
F=16g cof30° &t is the same in both cases. ™. F ?2 Xc4gi32$ e
=1. =1.6gcos
Resolving parallel (7): Resolving parallel ()
O-4gsin30°-F=4x0 O-4gsin30°+ F=4x0
Q = 4g sin 30° + 1.6g cos 30° =33.2 N (3 s.f) O = 4g sin 30° - 1.6g cos 30° = 6.02 N (3 s.f)

So for equilibrium 6.02ZN< Q<332 N

Practice Questions

Q1 a) Describe the motion of a mass of 12 kg pushed by a force of 50 N parallel to the rough
horizontal plane on which the mass is placed. The plane has coefficient of friction u = 0.5.

b) What minimum force would be needed to move the mass in part a)?

Q2 A brick of mass 1.2 kg is sliding down a rough plane which is inclined at 25° to the horizontal.
Given that its acceleration is 0.3 ms~, find the coefficient of friction between the brick and the plane.
What assumptions have you made?

Q3 An army recruit of weight 600 N steps off a tower and accelerates down
a “death slide” wire as shown. The recruit hangs from a light rope held
between her hands and looped over the wire. The coefficient of friction
between the rope and wire is 0.5. Given that the wire is 20 m long and
makes an angle of 30° to the horizontal throughout its length, find how
fast the recruit is travelling when she reaches the end of the wire.

Exam Questions

Q1 A horizontal force of 8 N just stops a mass of 7 kg from sliding down a plane
inclined at 15° to the horizontal, as shown.

a) Calculate the coefficient of friction between the mass and the plane to 2 d.p.

b) The 8 N force is now removed. Find how long the mass takes to
slide a distance of 3 m down the line of greatest slope.

Q2 A 10 kg box is being held in equilibrium on a plane inclined at 30° to the horizontal
by a force P acting parallel to the plane. Given that the coefficient of friction between
the box and the plane is 0.4, find the range of possible values for the magnitude of P. [7 marks]

Sometimes friction really rubs me up the wrong way...

Friction can be a right nuisance, but without it we'd just slide all over the place, which would be worse (I imagine).




Rigid Bodies and Friction

Where would we be without friction? Well, for one thing, using a ladder would certainly be trickier...

Reactions can have Horizontal and Vertical Components

If a rod is connected to a plane (such as a wall) by a hinge or pivet, and the forces holding it in equilibrium aren’t
parallel, the reaction at the wall won’t be perpendicular to the wall. Resolving into components is helpful here.

Example: A non-uniform rod, 4B, of length 6a m and mass 4 kg is held in equilibrium by a light strut
at an angle of 70° to a vertical wall, as shown. The distance from A to X, the centre of mass
of the rod, is xa m. The strut exerts a thrust of 16 N at the centre of the rod. A particle of
weight 2 N is placed at B. Find x, and the magnitude and direction of the reaction at A.
< ba > P s A 4 4
< xa > cal compo
fu le—3a——> P _ ot
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ol 4gx=4.416... = x=0.113 (3 s.f) = reaction force upwards at B. =
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= f=228"° (3 s.f.) to the wall

Friction lets you assume the Reaction is Perpendicular

A rod attached to a wall has a reaction at the wall with a horizontal and vertical component.
If the rod is held by friction instead, then the frictional force ‘replaces’ the vertical component.

Example: A rod, AB, rests against a rough vertical wall and is held in limiting equilibrium perpendicular to the
wall by a light inextensible string attached at B at an angle of 8, as shown, where tan # = 1;;

The tension in the string is 42 N. The length 4B is 5.5 m and the centre of mass is located 3.8 m
from B. Find the mass of the rod, m, and the coefficient of friction, p, between the wall and the rod.

First, work out what sin # - L =
338 sin 8= —— = 0.3807
and cos # are by drawing —-______.: el V338
a right-angled hmule 1
cos =—=0.9246...
V338

17

vmg

mgx17=42sin#x55
mg=51.73..N
m=5.28kg (3s.f)

Taking moments about A means you can find mg —— Moments about A:
while ignering the unknowns F and R.

MNow take moments about a different point to find F

I've taken them about C, but you could have used B. = Moments about C: 1.7xF=38x42sin0

F=3574__N
MNow you know F, you only need to find R : -
before you can find fu. ~_—* Resolving horizontally: §= ;28 ;gs HN
Limiting equilibrium showed up on p205 — ___— Equilibrium is limiting, so: "F = uR
it means that the body is on the point of moving. 35.74..=38.83_p
p=092(2dp)



Rigid Bodies and Friction

Multiple Surfaces can exert a Frictional Force

When a rod rests at an angle against two surfaces, either or both of them could exert a frictional force.
‘Ladder’ questions are a common example of this — keep an eye out for when the floor or the wall are rough.

Example: A ladder, modelled as a uniform rod of mass 1.3 kg and length 5x m,
rests against a smooth wall at an angle of 65° to the rough ground, as shown.
A cat of mass 4.5 kg sits on the ladder at C, 4x m from the base.

Given that the ladder is in limiting equilibrium,
find the coefficient of friction between the ground and the ladder.

Take moments about the base of the ladder to find N:

Nsin 65° x 5x = (1.3g cos 65° x 2.5x) + (4.5g cos 65° x 4x)
4.531..xN=13.46...x + 74.59...x

_ 88.01.x _ G
N=4331.x=1942..N :

Resolve vertically to find R:
R=13g+45¢g=56.84N

The ladder is in limiting equilibrium, so F = puR:

Resolving horizontally shows F = N, so 19.42... = 56.84
pnw=0.34 (2 d.pJ

No ladder
problems here_

Sometimes a body may be leaning against a surface that isn’t vertical (this blows my mind).
Just remember that the reaction force always acts perpendicular to the surface.

Example: A uniform ladder of length 3 m rests against a smooth
wall slanted at 80° to the horizontal, as shown.
The ladder is at an angle of 60° to the ground.
The magnitude of the normal reaction of the
wall is 18 N. Find the mass of the ladder.

The diagram on the right shows that the angle that the
reaction force from the wall makes with the ladder is 70°.

Taking moments about the base of the ladder:
mgsin 30° x 1.5 =18 sin 70° x 3
so m=50.74... + 7.35=6.90 kg (3 s.f.)

Bodies can be Supported Along Their Lengths

If a rod is resting on something along its length then the reaction is perpendicular to the rod.

Example: A uniform rod, 4B, rests with end 4 on rough ground and upon a smooth peg at C, as shown.
A particle, P, with weight 25 N is placed at B. Given that the rod is in limiting equilibrium,
find the normal reaction, N, at the peg and the friction, F, between the rod and the ground.

Moments about A:
2AN=(10cos28° x [(2.4 +0.9) = 2]) + (25 cos 28° x 3.3)

= N=364N(3sf) \—’
. . : It's a uniform rod, so its
Resolving horizontally: it et e e ikl

F = Nsin 28° = 36.4 sin 28°
= F=171N(3sf)




Rigid Bodies and Friction

You can work out a Range for p

In limiting equilibrium, friction is at its maximum (i.e. F = uR). You might be asked to find x4 when you don’t know
if equilibrium is limiting. Find it in the same way as if equilibrium was limiting, but replace F = uR with F < uR.

Example: A rough peg supports a rod of length 1.5 m at a point B, as shown. It rests on a smooth
horizontal plane at 4, and its weight acts at point C. Given that the friction at the peg
exerts a force of 8 N, show that 4 >20.31to 2 d.p.

N You know F, but to find i you also need to know R.
|
N \p £, Take moments about A4 to find R: -
12m———= %5 m Rx(1.5-02)=3gcos15°x12 F=pk
i 0.2 m
[ remee 15° 3g e x> 8262
A4 p 2 0.31 (2 d.p.) as required

e e

Q1 A uniform ladder, of length I m, is placed on rough horizontal ground and rests against a smooth
vertical wall at an angle of 20° to the wall. Draw a diagram modelling this system with forces labelled.
State the assumptions you would make.

Q2 A non-uniform rod, 4B, is freely hinged at a vertical wall.
It is held horizontally in equilibrium by a strut attached to the wall at C
at an angle of 55°, as shown. The thrust in the strut is 30 N. The rod is x m long,
and has mass 2 kg, centred 0.4 m from 4. Taking g = 9.8 ms??, find:

a) the length of the rod, x,

b) the magnitude and direction of the reaction at A.
Exam Questions

Whenever a numerical value of g is required in the following questions, take g =9.8 ms=.
Q1 A uniform rod of mass m kg rests in equilibrium against rough horizontal ground at point 4 and a smooth peg
at point B, making an angle of # with the ground, where sin #= %— The rod is / m long and B is %I from A.

a) Show that the normal reaction at the peg, N= %mg cos 4. [3 marks]
b) Find the range of possible values of the coefficient of friction between the rod and the ground. [6 marks]

Q2 A uniform ladder AB rests in limiting equilibrium against a smooth vertical wall (4) and upon the rough horizontal

ground (5) at an angle of f. Clive stands on the ladder at point C a third of the way along its length from the base B.
The ladder is 4.2 m long and weighs 180 N. The normal reaction at 4 is 490 N. Given that tan #= 181 , find:
a) the mass of Clive, m, to the nearest kg, [3 marks]

b) the coefficient of friction, &, between the ground and the ladder. [4 marks]

Q3 A uniform rod, A8, of mass 3 kg is held horizontally in limiting equilibrium D
against a rough wall by an inextensible string connected to the rod at point C
and the wall at point D, as shown. A particle of mass m kg rests at point B.

The magnitude of the normal reaction of the wall at 4 is 72.5 N. Find: S

a) the tension, T, in the string, and the mass, m, of the particle, [5 marks] O .
b) the frictional force, F, between the wall and the rod. [2 marks] L.7m >0.7m>

...and that’s everything you need to know about anything. ever.

If you’ve been revising the topics in order, this is the end of A-level Maths (and the end of my quips, sadly). Of course,
there’s no harm in going back for another go. Have a nice cup of tea first though — you deserve it. There are also
some exam tips coming up that are definitely worth checking out. You’ll be a master of maths before you know it.




